We study through numerical simulations the dependence of the hydraulic permeability of granular materials on the particle shape and the grain size distribution. Several models of sand are constructed by simulating the settling under gravity of the grains; the friction coefficient is varied to construct packs of different porosity. The size distribution and shapes of the grains mimic real sands. Fluid flow is simulated in the resulting packs using a finite element method and the permeability of the packs is successfully compared with available experimental data. Packs of nonspherical particles are less permeable than sphere packs of the same porosity. Our results indicate that the details of grain shape and size distribution have only a small effect on the permeabilty of the systems studied.
I. INTRODUCTION
The prediction of physical properties of porous materials such as the electric conductivity, elastic properties, or the hydraulic permeability is long-standing problem with many applications in science and engineering. In the oil industry, for instance, determines the rate at which hydrocarbon can be extracted from a reservoir.
Following previous work ͓1-4͔, can be expressed as
where l c is a characteristic length scale of the medium, defined as the harmonic mean grain diameter, the specific surface of the porous medium or an equivalent grain size ͓1,5-8͔. The term ␥͑͒ denotes the dependency of the permeability on the porosity and o is a geometric parameter, which depends on the variables x i related to the details of how the voids and solids are distributed, i.e., connectivity, tortuosity, and shape/size of grains, throats and pores among others ͓6,7,9-18͔. The complexity of the void space hinders closed analytical solutions to predict permeability. To date, direct simulation of flow has used models of porous media derived from sphere packs with various modifications to predict permeability.
Bryant et al. ͓19͔ modeled a sandstone by a system of monosized spheres and computed the flow using a porenetwork representation of the void space. The results reproduced the permeability-porosity trend measured for Fontainbleu sandstone. The network model was also used to compute multiphase flow ͓20͔. Bakke and Øren ͓21͔ took a similar approach to model different sandstones. To account for the effects of the aspherical grain shape, Schwartz et al.
͓22͔ first constructed packs of spheres. Then, the center of the spheres was kept fixed while their shape was deformed into ellipses. The permeability was then estimated by effective medium approximations. It was shown that the particle shape has a strong influence on the permeability anisotropy. In a later paper Piloti ͓23͔ also deformed the surface of the spheres in a pack to model the real aspherical grains in a sandstone. An extension of the work on spheres was presented by Coelho et al. ͓8͔ who directly simulated the settling of monosized aspherical particles ͑ellipsoids, parallelepipeds͒. The authors found that in the high porosity range 40% Ͻ Ͻ 80% the studied packs had similar hydraulic properties at a given porosity regardless of the shape of the particles used in the numerical models. Similar conclusions were recently obtained by Lehmann et al. ͓24͔ after studying packs of overlapping ellipsoids constructed by a stochastic method. The authors concluded that the porosity and surface area dominate the permeability.
Spatial correlations on the void space result from a dynamic process not captured by stochastic methods ͓25͔. In addition, grains are polydisperse in size and shape and only in idealized cases are the shape of the particles are ellipsoids, spheres, or other simple geometric forms. In this paper we construct and compare several granular packs by simulation of settling under gravity. Hence, the spatial correlations arise from a realistic dynamic process. Following ͓26͔, we extend previous numerical techniques used for spheres to model grains of different shape found in natural sands.
Five sets of samples are constructed for which the permeability is computed by direct flow simulation on the pore space. The effect of particle shape and polydispersity are studied. The sets labeled A, B, and C share a Gaussian grain size distribution that models a well sorted sand such as Ottawa sand ͑see ͓27͔͒. For the set A , B, we use irregular particles differing in the details of the particle shape. The general description of the particles resemble the form of rounded and well worked grains as found in sands such as Ottawa sand ͓27,28͔ or the rounded/compact quartz sand grains studied by Miller et al. ͓29͔ . For the set C we kept the same Gaussian size distribution but all the particles are perfect spheres.
The effect of polydispersity is studied by comparing the aforementioned models with two other set of samples, labeled D and E. The set D comprises monosized spheres. For the set E we chose similar particles to the sets A , B but the size of the grains is assigned according with a broader size distribution. In this case we took as a guide the experimental sieve analysis as reported for the sand F110 in ͓27͔. In comparison with the previous packs of polydisperse spheres and irregular particles, the samples in D , E mainly differ in the degree of heterogeneity. Finally, we compare our results with experimental permeability-porosity correlations reported previously in the literature.
II. METHODOLOGY

A. Modeling aspherical particles
To construct the irregular particles we follow ͓26͔. The shape of the particle is defined by a surface mesh obtained via scanning. A model particle is then constructed by sequentially adding spheres to the volume enclosed by the mesh ͑see Fig. 1͒ . As more spheres are added, the enclosing surface of the cluster approximates the surface of the real particle represented in the original mesh. Although this method has been used before to model simple irregular particles ͓33-37͔, little effort has been made in modeling realistic shapes ͓34,37͔ such as that one in Fig. 1 .
Here, we construct the sand models using the shapes shown in Fig. 2 . For the shapes G1-G4 the mesh was obtained from a shape library ͓30͔ of real particles scanned in our facilities. The particle G1, for instance, is a semispherical particle constructed from a real grain. The particle G2 corresponds to an elongated gravel particle. The particles G3, G4 are pebbles from different sources. The particle G5 was constructed by arbitrarily clustering spheres to model an additional elongated particle not available in our database. For the purpose of comparison, Fig. 2 also shows a perfect sphere as was used in previous work to model real grains. In principle, more irregular shapes can also be constructed but the number of spheres per grain raises sharply. Consequently, very irregular grains or pointed particles such as rock fragments or crushed sands are not efficiently modeled ͑see ͓26͔͒ with the proposed methods.
Among the shapes that can be modeled, those in Fig. 2 were selected based on visual inspection of two-dimensional ͑2D͒ cuts of CT scans of and microphotographs for Ottawa sand in ͓27,28͔. Most of the grains are well rounded and semispherical such as the case of the grains G1, G3, and G5 in Fig. 2 
B. Shape and size selection
Five sets of samples are constructed with the particles in Fig. 2 . Each set, comprises several samples corresponding to different realizations in which the particle shape and/or heterogeneity are fixed. From set to set, the details of grain shape and the size distributions are varied.
FIG. 1. ͑Color online͒ Irregular particles are constructed by sequentially adding spheres to the volume enclosed by a volumetric mesh. From left to right in the figure, an irregular particle is constructed by sequentially adding 1, 3, and Ϸ30 spheres. The mesh itself was obtained from a shape library ͓30͔ or publicly available data from sand grains ͓31,32͔.
FIG. 2. ͑Color online͒ Examples of the model particles constructed by overlapping spheres. Particles G1-G4, model real particles scanned in ͓30͔. The particle G5 was constructed by arbitrarily clustering spheres to construct a pointed particle. A perfect sphere ͑S1͒ is also shown for comparison. Model A mimics a relatively clean and homogeneous pack such as Ottawa sand. Table II shows the fraction of each grain shape used. The sample was constructed with a large fraction of the rounded and low aspect-ratio grains G1,G3,G4, but we selected preferentially the shapes G1 and G3 because they are visually closer to the pictures of grains of Ottawa sand presented in ͓28͔. A smaller fraction of the grains were given the shape G2.
We adopted the criterion in which the size D g of a grain is defined by the diameter of the sphere that has the same volume as the grain. This size was assigned according to a Gaussian function relating the grain diameter D g with the volume fraction V͑D g ͒ of the grains of that size ͑as in sieve analysis͒. Figure 3 shows the size distribution used, normalized by its maximum height. Here, the distribution is centered in D g = 520 m, to correspond the arithmetic mean grain size obtained from the 2D cuts of Ottawa F42 in ͓27͔. The width of the distribution was also estimated from the sieve data in ͓27͔. To model such distribution, each grain in the sample was given one of six possible sizes d 1 , d 2 , ... ,d 6 equispaced between 320 and 670 m ͑see Fig. 3͒ in such a way that the final volume fraction V͑D g ͒ of grains of size D g in the sample is approximately given by the envelope of the Gaussian distribution as seen in Fig. 3 . We randomly assigned shapes according to the ratios in Table II .
Models B and C
Both sets have the same size distribution as set A, but the details of the grain shape are different ͑see Table II͒. In the model B, we assigned the elongated shape G2 to a greater fraction of the grains ͑Ϸ66%͒. The remaining fraction of the grains were given the shapes G1 and G3 in similar proportions. In the model C all the particles are spheres, see Table  II .
Model D
The set D has spheres, all of diameter D g = 520 m. In comparison with the rest of the models, this one represents an extremely idealized case of homogeneity and simplicity in the grain shape. These samples can be directly compared with those in model C, to address the effect of polydispersity on the hydraulic properties.
Model E
In the case of set E we aimed to model a more heterogeneous sand. As a guide, we took the experimental sieve data presented in ͓27͔ for the sample F110. These data were approximated with a continuous distribution as shown in Fig. 3 . Following the same procedure described before, eight sizes were sampled from the function and the size of the grains assigned accordingly. The shape of each grain was chosen from the irregular shapes G2, G4, and G5 ͑see Table II͒. Figure 4 shows pictures of packings of all the models, illustrating the differences in grain size and shape.
C. Simulation of settling
Dynamic model
Once the size and shape of the grains in each model is set, the packs are constructed by simulation of the settling under gravity of the grains. The method used is the discrete element method ͑DEM͒ pioneered by Cundall and Stark ͓39͔ that has been largely used to model particulate systems ͑see for instance ͓40͔ among others ͓41-43͔͒.
Contrary to continuum methods such as finite difference or finite elements ͑FEs͒, in DEM simulations the particles are treated as individual objects. The dynamical parameters such as the positions and velocities of the particles are monitored during the course of the simulation and updated according to the laws of classical mechanics. Rotations are described by the Euler equation and translations by Newton's second law. 
The term F i in Eq. ͑2͒ represents the total force acting on the particle i. m i is the particle mass, i is the torque due to the force acting on the contact point r c and r cm is the center of mass of the particle ͑see Fig. 5͒ . The term I stands for the inertia tensor for each particle ͑as a rigid body͒ and i is the angular velocity. F ext is the external force acting on the particle system. In our case, F ext is the weight of the particle. The term F ij denotes the interaction force between the particle i and the other j particles. This interaction occurs whenever the spheres pertaining to different clusters overlap. The force is decomposed in one component acting along the normal to the contact, F ij n , and a tangential component F ij s ͑see Fig. 5͒ .
͑5͒
The normal force F n is calculated according with Eq. ͑5͒ following the classical Hertz model ͓44,45͔, where n is a material dependent stiffness constant, chosen to assure a minimum overlap between the particles and reasonable simulation times ͑see for instance ͓46͔͒. The term ␥ n is a damping coefficient, ␦ n denotes the overlapping between contacting spheres and ͑␦ n R f ͒ 1/2 represents the radius of the contact area according with the Hertz model. For the particles radius R i and Rj, R f = ͓R i R j / ͑R i + R j ͔͒. The direction of the normal is given by n = ͑r i − r j ͒ / ͉͑r i − r j ͉͒ where r i , r j denote the global positions of the two spheres in contact.
The tangential part of the interaction given in Eq. ͑6͒ models the stick-slip behavior of the surfaces in contact. The coefficient s = ͑2 / 7͒ n is the tangential stiffness, ␥ s is a damping constant and is the Coulomb friction coefficient.
Packing algorithm
The construction of the packs starts with an empty box of dimensions 8 ϫ 8 ϫ 12 in units of the mean particle diameter. Periodic boundary conditions are used in the plane xy. As shown in Fig. 6͑A͒ , a subset of N grains is then placed above the bottom wall without contacting each other. The newly introduced grains are then allowed to fall under gravity and interact with the bottom wall and other grains. When the kinetic energy of the system reaches a negligible value and every grain contacts either the wall or another grain, a new bath of grains enters in the box above those previously deposited ͓Fig. 6͑B͔͒. This process repeats itself until the initial box is filled ͓Fig. 6͑C͔͒. Figure 4 shows examples of the packs constructed with different particle shapes and grain size heterogeneity. Each sample has about 2.5ϫ 10 3 grains. Contrary to some previous work ͓8,21,47͔ we do not freeze particles at any stage. Hence, each new subset of particles entering the box interacts with previously deposited particles, allowing for future relocation of already settled grains. This benefits the creation of denser packs and one would expect it to mimic closer what would happen in a real situation.
D. Pore-space CAD model and boundary conditions
An inner core ͑subvolume͒ far from the boundaries of the original packs generated in Sec. II C is extracted to avoid boundary effects such as distortions in the solid skeleton or zones of abnormal porosity. The dimensions are in the range 5-6 and 6-7 times the mean grain diameter in the horizontal and vertical directions respectively. This subvolume exceeds the minimum representative volume ͑REV͒ reported for sphere packs in ͓48͔ and is close to the REV reported heterogeneous sands/sandstones ͓49-52͔. The grains or parts thereof that are not contained in the subvolume are discarded. The resulting packs consisting of Ϸ300 to 400 grains are then differentiated into two domains: Grains and Pores, in a computer aided design ͑CAD͒ geometrical package. This is accomplished with nonuniform rational B-spline ͑NURBS͒ curves and surfaces ͓53͔.
By modeling the grain packs with NURBS, we are able to capture them with a tolerance-based level of detail, independent of scale allowing a purpose dependent adaptation of the mesh to smooth geometry. To define the boundary of a volume using NURBS, volumetric objects are defined by grouping curve-delimited surfaces together by a technique called boundary representation ͑BREP͒. This refers to a hierarchical, internally consistent tree structure of points ͑nodes͒, holes, and surfaces ͑loops͒, and surface enclosed pore volumes ͑body͒, recording their relations to each other ͑see for instance ͓54-57͔͒. Third-order splines are used to represent grains and outer boundaries are resolved into surfaces with six side boundaries; four no-flow and two Dirichlet conditioned ͑inflow and outflow͒ boundaries ͑Fig. 7͒, for further import to the geometry editor of the mesh generation code.
E. Hybrid finite element mesh generation
An unstructured grid which can track free-form geometrical entities, such as NURBS, is then generated using hybrids of tetrahedral, hexahedral, prism, and pyramid elements ͑Fig. 8͒. This mesh is constructed with spatially variable adaptive refinement in order to honor the grain boundaries and also to capture the constricted pore regions. The use of prism, hexahedral, and pyramid elements with geometry-aligned high aspect ratio prevents a highly distorted mesh which could lead to large FE interpolation errors during flow simulations ͓58͔. In all cases, only the pore space is meshed. The typical size of the mesh is in the range 1.4-1.8ϫ 10 6 elements ͑Table III͒ and the average size of the elements next to the grains is 0.9 m. The average element size edge is 30 m, compared to a mean grain diameter of around 500 m. This resolution was chosen on the basis of previous sensitivity analysis ͓59͔ to secure mesh-independent results. An example of a typical three-dimensional ͑3D͒ mesh created in this work is shown in Fig. 8͑A͒ . Figure 8͑B͒ corresponds to a 2D cut of the original 3D mesh illustrating the relative size of grains, pores, and elements.
F. Flow simulation
The creeping flow ͑Re→ 0͒ of an incompressible fluid is described by the Stokes equation and the continuity condition, Fig. 4 showing four no-flow and two Dirichlet ͑inflow and outflow͒ boundaries. Part of or whole grains that are not fully contained in the subvolume are discarded and only the pore space is meshed.
where u, P, and are the velocity, pressure, and viscosity of the fluid, respectively. In the special case where the pressure gradient is aligned with the direction of flow, the Stokes equation reduces to the Reynolds lubrication equation. We solve the Stokes equation with this approximation using a two-step process detailed in ͓59͔. The velocity is written as
where ͑x , y , z͒ represents a twice-differentiable real-valued function of the coordinates x , y, and z. The function ͑x , y , z͒ obeys
with ͑x , y , z͒ = 0 at the grain boundaries. Substitution of Eq. ͑9͒ into Eq. ͑7͒ results in
which can also be written as ͑x,y,zٌ͒ 3 P + ٌ͑x,y,zٌ͒ 2 P + ٌ 2 ͑x,y,z͒ ٌ P = ٌP.
͑12͒
Neglecting the terms of order 3 in the pressure derivatives ͓first term in Eq. ͑12͔͒ and substituting Eq. ͑10͒ in Eq. ͑12͒ gives ٌ͑x,y,zٌ͒
which is solved for the pressure.
Having computed the velocity fields as described before, the permeability is computed thus
where ⌬P is the pressure difference per unit length along the direction of the main flow, is the viscosity, q is the volumetric flow, and A is the cross sectional area open to flow. Figure 8͑C͒ shows the velocity field within a the 3D pack as obtained in our simulations.
III. RESULTS
A. Packing porosity
The porosity of the resulting packs depends on the particle shape and the friction coefficient used for the graingrain interaction. When the intergranular friction is reduced, the packing density increases. This is particularly evident for the irregular shapes with a porosity variation in the range 33% Ͻ Ͻ 38%, ͑see Fig. 9͒ . For the polydisperse spheres we obtained a narrow porosity range 35.2% Ͻ Ͻ 38.5%. The minimum porosity for the monosized spheres was c Ϸ 36.6, similar to the porosity of a random close packing of monosized spheres reported previously ͓60,61͔. The maximum porosity for the range of friction coefficients used was only marginally greater = 37.3%. In order to compare later the permeability of the monosized spheres with the rest of the packs with smaller porosities, we produced a few extra packs by simulating the mechanical compaction of the monosized sphere pack following ͓62͔.
The dependency of the porosity on friction obtained here coincides with previous reported results for sphere packs ͓61,63͔. Understandably, as the friction is reduced, more energy is available for grain rearrangement and the particles find their way to pack in denser configurations.
The relatively low of the packs of irregular particles in comparison with spheres apparently conflicts with some experiments ͓64,65͔ and simulations ͓8,66͔ where reduced as the sphericity was increased. On the contrary, for the same friction coefficient, sphere packs ͑ = 1.0͒ are more porous than packs of irregular particles. Lower porosities than in sphere packs were also observed previously in packs of ellipsoids, rods, and cylinders ͓67-69͔, showing that when the particle shape deviates slightly from the perfect sphere, the packing density can improve.
The differences with some experiments is because we are modeling relatively smooth grains as found in some sands and not irregular fragments of crushed rocks/grains or rough particles. Roughness and angularity increase the effective friction and interlocking between grains and contribute to deteriorate the packing density.
B. Permeability Figure 10 shows the computed permeabilities normalized by the squared harmonic mean diameter D 2 of the grains in each sample. The results reveal that the maximum difference in the permeability is by a factor of Ϸ2, when comparing samples with different particle shape and size distribution at nearly the same porosity.
The most permeable samples were the monosize sphere packs ͑set D͒. This is an expected result given the homogeneity of the sample and simplicity in the particle shape. This is a system extensively studied previously in the literature, so we can readily compare our results with available data. For In the latter two cases, =37% and was obtained using the Lattice-Boltzmann method. All these results are close to the empirical Kozeny-Carman correlation ͓7͔ also shown in the Fig. 10 . In our simulations, the permeabilities are in the range of these results although we estimated slightly higher values. For = 36.3% we computed / D 2 = 7.46ϫ 10 −4 and / D 2 = 8.24ϫ 10 −4 at =37%. In comparison with the monosized spheres, the packs of polydisperse spheres ͑set C͒ are slightly less permeable ͑see Fig.  10͒ .
The effect of the particle shape can be addressed when comparing the sets A, B, and C. In these three sets, the size distribution is the same but in the sets A and B the particles are aspherical ͑see Sec. II B͒. The results in Fig. 10 show that the sphere packs are more permeable by a factor of around Ϸ1.6-1.8. The best fit of our data for irregular particles is for relatively homogeneous sands in the range Ϸ 35%. In our case, / D 2 = 4.9ϫ 10 −4 for =38% and / D 2 = 3.1 ϫ 10 −4 at porosity 35%. Clearly, the results obtained for these aspherical shapes were closer to these experimental values than in the case of simple spheres.
When comparing the sets of aspherical particles A , B , E alone, the particles in all the packs are different to the naked eye ͑see Fig. 4͒ . However, the computed permeabilities in all the cases are similar with the only exception of one scattered point of sample E for which the permeability is closer to the spheres than to the rest of the packs.
Further insights can be gained by comparing our results with empirical correlations presented in the literature for different kinds of porous medium. In Fig. 11 The Kozeny-Carman relation in its simplest form overpredicts the permeabilities in relation with the other experimental data in Fig. 11 . This is in qualitative concordance with our simulation results. Indeed, our simulation results for aspherical particles lie close to the empirical fit proposed by Revil et al. ͓73͔ . Despite this, it is clear that the empirical and numerical fits in Fig. 11 do not differ substantially when compared at the same porosity. For instance, if we take a porosity =36% in the middle of the interval, the maximum difference is by a factor of about Ϸ3 despite the fact that each correlation is supposedly suited for a different kind of system ͑homogeneous spheres, consolidated, shaly unconsolidated͒. This indicates that the porosity is the key parameter controlling the permeability. Other parameters such as the grain size heterogeneity and particle shape contribute second-order corrections.
IV. CONCLUSIONS
We generated several granular packs polydisperse in particle shape and size by simulating the settling under gravity of the grains. The single-phase permeability was then compared within a range of porosities among packs of varying degrees of grain size heterogeneity and different particle shapes.
Our results indicate that the particle shape and size polydispersity have a small but noticeable effect on the hydraulic permeability. We found that sphere packs are between 1.6 to 1.8 times more permeable than packings of irregular grains. Yet, small differences in the shape of aspherical particles have little impact on the hydraulic conductivity, indicating that the porosity and the mean grain size are the most important parameters. We propose an empirical permeabilityporosity relation for heterogeneous sand packs based on the data obtained in our simulations. 
